INTRO

DAN CRISTOFARO - GIARDINER : FLOER THEORY AND ITS APPLICATIONS
Mediration

on ecu(N)

AM(y) —2 HE *(-Y)
Notalion:

N closed 3 -wmanifold. Above s a tnange of 3Iméld

invariants.
ECH = embedded contact homology
-~ . al  vector spaces
HM = Seiberg witten Floer cohomology over W p
HF? = Meegaard Fier homology.

Rigged Yc.  ECH is on Jop.

ECH is closely Connected / sees dynamics -

A .

HM  is  connected +o  Qgouge +neory-

HF' is especially +opological-

User's guide  structare of taw.

(305)
Application 1: Proof of weinsiein  conjecture ( Taubes, 200%)

Q)  Swdemenyr: A contack form

(2 Ad2 50,50 ¥ oriented)

peviodic orbits  called Reeb ocbits

Get o vedor fied R defined by

dMR, ) <o,
(+Y closed)

2a(R)=1,

Comjecture: I o Reeb orbit-

Gnalogues in  higner dimensions are wide open

b) Context: why care’

Howmiltonian  mechanics

(M‘n)w) , dw:o, w"?o.

H'“"”‘R M’XH

defined by  wW(¥%,,) = dn.

Exercise :

Xu exactly encodes

Hamil¥on's equarions of wotion.

Conservoion Of energy: flow of Xu presevves H:  Xa(W) = dH(¥n)® w (Xu, %) =0
Dynamics of Xu preserve W-

what can | say avout

H'(EY? ( ussuming € is a (egwiar value)

orbits along  H™'(€)?

3 mflds w/! H.v.F.

Must there  be Periodic
pnswer: No ‘a

with o periodic orbits.



R %
e.q. Rehnder: L&t M= ™ - ( /mn) , W= dxAdxp & cdxphdA3 4 dz3hdxy pere ce@®
(zw?)
H = sin(xy) v
Compute Xu = cos(=g) ( 9*;*"3‘-)- Has  no periodiC orbiHs except when Xy = 0, which pever happens for a
reguiar vawe of H.
reguiar value .
H s proper
(Rabinowita, 30'sd » Y = H'(E) | m=®'™, Wsid.  assume +nor V is srar snoped ( Hansverse 4o vadigt v-b T widi +¥idy)

2 3 closed orbvi+-

Fact:' N siar snaped  is not  sympleCtomorphism  invariont.  So  Weinsiein: Y C M nypersurface s of  convack yype if

3 contact form A on N st wly = A7

Exercise: Xply= £.R  Ffor some funclion §:V>R

Wpshok:  Weinstein's conjechure  guaranteey periodic orbidS  of Xy Olong  Condact type energy levels.
©) Prook of 3> Weinsiin  Conjeciure

i) More about ECH © i's ¥he homology OF & chain tompiex  (ECC,3) i.e-  ECC is a vecor spack, and @

I«er(ﬂ/

iS @ linear wap 3 =0 Then ECH = Im(d . ECC is generaved by cerkain  Finire sehs i(d;,mﬂ

Such 4not  of; are  distiny, embedded Reeb orbits, and m; € Ly,

ol ola
Generator: 9. i(dn,ﬂl(ﬂz,\\}
R R
9o around go avound
dwice once

by certain, We donml +take aW

Fact: dim( fM(‘)) = 00 . Due 4o hronheimer + MWMMOWHKa.

Since ECH(W) ¥ HM, dim(EMI =02 Buy it no Reeb orbits, dim (ECH) =1  pecause emply  set

Application 2:
Theorem (C - ,Mutchings ‘20B) 3 52 orbik.
Remark: examples exist wirh exactly 2, e.g. H= 1= 124 | %z‘z-

Need +he following inputs :
= 3 W : ECH(Y) — ECH(Y)

1]
Counts index 2 T~ holomocphic curves in R2Y"

S 9 counks T =1 curves in MR=Y.



Greomedric preliminaries:  (4,2) ~> RXY has an almost Complex stuchre T [ 3: TX = Tx, y¥=z-1).
T preserves  Rer(D), comparble with d2

We can  svwdy

w:(Z,5) = (%3)
—
punctured
Riemann
Sw face.

" \]
T = ECH inden . Wey poit: T(C) 22, nen C 1S mosvly embedded , and hasa 2-dim family of  gefocmarions.

We con define W:ECC—>ECC by w(ed = Z #.ufapdp, where ua(of) s ime  gpace of T- holomorphic Curves

~

passing though ¥ & MY Noiably, W\ agrees with A simildr map on HM .
Fock: W+ 0 for ony N (via Seiberg- Witen cohomology).

Fack: sine u’+o0, for any N, I curves C(D,..., CIN) each with C() index 2 passing +hrough =.

3 - N
2q. u*#o0 w Turns owk ils  very in¥eresing o stdy S(N): Z IC(‘)(“
1) '
-

facks ( more or less) s

— vol(¥ = [ 2andn. Wey \aw-
N

Shetch proof of +wo ocbits:  Assume I only one orbi+ T of period T. Can  show +hen S“:\)l >0 . Oon e ovher

hand, S'm)d7‘=m'\' Yy Siohes’ 3neorem (m €Tso). Hence, S(N) grows linearly in N, contradicting

s

the  Wey law .




